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Abstract
Waves excited on the surface of deep water decay in time and/or space due to the fluid viscosity, and
the momentum associated with the wave motion is transferred from the waves to Eulerian slow currents by
the action of the virtual wave stress. Here, based on the conservation of the total momentum, we found the
virtual wave stress produced by calm gravity waves under the assumption that the slow Eulerian currents are
weak in the sense that the Froude number is small and the scattering of surface waves by slow flow inhomo-
geneities can be neglected. In particular, we calculated the virtual wave stress generated by a propagating
wave and two orthogonal standing waves. The obtained results possess Euler invariance, are consistent with
previously known ones, and generalize them to the case of the excitation of almost monochromatic waves
propagating in arbitrary directions.
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I. INTRODUCTION
It was shown by Stokes that in a surface wave excited in an ideal fluid the Lagrangian par-
ticles possess a second-order drift velocity, which is usually called the Stokes drift [1]. Later,
Longuet-Higgins found that the fluid viscosity substantially modifies the Stokes prediction [2].
The correction is associated with Eulerian slow current that corresponds to the mean velocity of
fluid inside the bulk. The Stokes drift and the Eulerian slow current are very different. The Stokes
drift is the result of nonlinear Lagrangian dynamics during one time period of oscillations and it
does not produce any contribution into the mean velocity of the fluid (in the Euler description),
while the slow current is excited by a force, which is localized in the narrow viscous sublayer
near the fluid surface and is produced due to hydrodynamic nonlinearity (it is also known as the
virtual wave stress; see Ref. [3]). Therefore, the dynamics of the slow current is relatively slow
and it is determined by the fluid viscosity and inertia. In the stationary regime, the slow current is
independent of fluid viscosity, even though it originates from the viscosity.
The origin of the force which excites the Eulerian slow current is similar to that of the force
which produces the acoustic streaming in fluid during the propagation of a sound wave [4]. Both
forces are of the second-order in the wave amplitude and linear in the fluid viscosity. The acoustic
streaming finds numerous applications in microfluidics [5, 6], as it enables remote flow excitation
and object manipulation. The standard theoretical approach to derive an equation describing the
acoustic streaming flow is to average hydrodynamic equations over fast wave oscillations. The
acoustic flow is excited near the boundaries inside the viscous sublayer, where the viscosity re-
duces the amplitude of the sound wave. Thus, the approach needs to resolve the viscous sublayer
which is parametrically thinner compared to the typical spatial scale of the acoustic flow.
The same applies to the existing theoretical treatment of the excitation of a slow current by
waves propagating on the free surface of a fluid [2, 7]. Nevertheless, there is an important dif-
ference between these phenomena. The boundaries that confine the fluid in acoustic experiments
produce stresses acting on the fluid, whereas there is no external force acting on the free surface
of the fluid. Thus, in the latter case, one can reformulate the hydrodynamic equations in the form
of conservation laws and then utilize them to find the virtual wave stress that excites the current
[3, 8].
In this paper, we propose the treatment of the virtual wave stress produced by calm gravity
waves in the deep water approximation based on the momentum conservation law, which binds
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together the damping of surface waves due to the viscous dissipation and the nonlinear generation
of the mean fluid velocity. Roughly saying, the momentum associated with the wave motion
decreases together with the wave amplitude during the propagation of the surface wave due to
the fluid viscosity. However, the total momentum must be conserved and it means that the wave
attenuation gives rise to the force, which excites the additional fluid flow. We demonstrate that this
force is applied near the fluid surface within the crest-trough layer, which includes the oscillating
boundary of the fluid and the viscous sublayer under the boundary. The thickness of the crest-
trough layer is small as compared to the scale of the slow current, so the force can be treated as
surface stress. We obtain the explicit expression for it in terms of the excited wave motion. Our
approach avoids the fine resolution of the viscous sublayer and allows us to obtain simple equations
describing the slow currents under the assumption that they are weak in the sense that the Froude
number is small enough and the scattering of surface waves by slow flow inhomogeneities can be
neglected. In the case of a progressive wave excited on the surface of deep water, we can reproduce
the Longuet-Higgins’ result [2].
The initial interest in this problem was inspired by the recently observed phenomenon of nonlin-
ear vorticity generation by crossed surface waves [7, 9]. Using the established general expression
for the virtual wave stress, we check that its curl corresponds to the boundary condition for the
vertical vorticity used in Ref. [7]. On the whole, the developed approach allows one to look at
the generation of slow currents by crossed surface waves from a new angle, reveals the physical
nature of this phenomenon, and generalizes the previous results to the case of the excitation of
almost monochromatic waves propagating in arbitrary directions.
II. PROBLEM FORMULATION
We consider an incompressible flow with a free surface that corresponds to the surface gravity
waves excited against a background of a slow current. The wave motion has a characteristic
frequency ω and its spectral width ∆ω is assumed to be small, ∆ω  ω. The axis Z is directed
vertically, opposite to the gravitational acceleration g, and the fluid surface is determined by the
equation z = h(t, x, y) (it coincides with the plane z = 0 at rest). The wave breaking is absent, the
wave steepness is small, |∇h|  1, and the deep water assumption for the wave motion is implied.
We also assume that the fluid kinematic viscosity ν is small, γ =
√
νk2/ω  1, where k = ω2/g
is a characteristic wave number. The viscosity of the fluid results in the fact that the wave motion
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FIG. 1. Schematic of the slow current generation by a progressive surface wave in a slightly viscous fluid.
ceases to be potential in a thin viscous sublayer of thickness δ ∼ γ/k near the fluid surface.
We represent the wave velocity as a sum of potential and vortical terms, u = uφ + uψ, where
uφ = ∇φ corresponds to the potential term and the vortical term uψ is parametrically smaller near
the surface, |uψ| ∼ γ|uφ|, and it is absent in the fluid bulk below the viscous sublayer [10]. Note
that the wave amplitude can be either larger or smaller than the thickness δ of the viscous sublayer.
Next, we denote by V the slow current, which is different from the slow potential contribu-
tion to the wave motion (it appears as a result of hydrodynamic nonlinearity and its amplitude is
proportional to ∆ω, see Ref. [11]), and so the velocity of fluid is v = u + V . The characteristic
time scale T of the slow current V is much larger than the inverse wave frequency, i.e. ωT  1.
Concerning the characteristic length scale L of the slow flow V , it does not always far exceed the
wavelength, they can be of the same order, see, e.g., Ref. [12]. Also, we assume that the fluid
surface remains approximately flat if only the slow current is excited. This means that the Froude
number Fr = V 2/(gL) for the slow current is small.
Our goal is to establish the influence of the wave motion on the slow current V . There are two
fundamentally different ways for this effect. The first way is due to the fluid viscosity and therefore
it is forbidden in an ideal fluid. The wave motion attenuates and its momentum is transferred
to Eulerian slow current by the action of the virtual wave stress [3, 8]. This stress τ slowly
changes in time, of the second-order in the wave amplitude h and linear in the fluid viscosity ν.
Its amplitude can be estimated as the rate of decay of the surface density of momentum |pi| =
ρω〈h2〉 in progressive wave (which is equal to the Stokes drift integrated over the fluid depth and
multiplied by the fluid density ρ, see Ref. [3]), i.e. |τ | ∼ νk2|pi|. Here and below angle brackets
〈· · · 〉 mean the extraction of slow harmonics with frequencies of the order of or less than ∆ω.
The virtual wave stress τ is applied near the fluid surface and therefore its action produces the
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slow current with non-zero vorticity, see Fig. 1. One can say that this vorticity is created in the
viscous sublayer due to the fluid viscosity and hydrodynamic nonlinearity, and then it spreads
downward in the fluid bulk through the viscous diffusion [2, 12]. The concept of the virtual wave
stress is inevitably associated with the fluid viscosity, since the generation of vorticity in an ideal
fluid by the potential wave motion is forbidden due to Kelvin’s theorem [13]. In this paper, we
focus on finding the virtual wave stress τ in the case of excitation of almost monochromatic waves
propagating in arbitrary directions.
The second way of the influence is amplification of the vorticity associated with the already
excited slow current V due to its interaction with the wave motion (see, e.g., paper [14] and
references therein, as well as recent experimental works [15, 16]). The fluid viscosity is not
important here. The interaction between the slow current and the wave motion is localized at
the wave penetration depth ∼ 1/k, where the wave motion is potential. The effect is associated
with the wave scattering on the inhomogeneities of the slow vortical flow V due to hydrodynamic
nonlinearities [17]. In this paper, we assume that the effect is negligible as compared to the action
of the virtual wave stress. The scattering in the fluid bulk is negligible if the condition V/L νk2
is satisfied, see Sec. III below, and the scattering on a curved surface can be neglected under the
additional condition Fr γ2, see the explanation after equation (13) in Sec. IV.
Theoretical analysis of the problem is based on the use of integral forms of the continuity
equation and the Navier-Stokes equation, which are respectively the laws of mass and momentum
conservation. We introduce the momentum flux density tensor,
Πij = pδij + ρvivj − ρν(∂ivj + ∂jvi), (1)
which is the i-th component of the amount of momentum flowing in unit time through unit area
perpendicular to the j-axis [18]. Here p is the pressure, δij is the Kronecker delta and the fluid is
assumed to be incompressible, div v = 0. Now, we can write the mass conservation law
∂t[θ(h− z)ρ] + ∂j[θ(h− z)ρvj] = 0, (2)
and the Navier-Stokes equation
∂t[θ(h− z)ρvi] + ∂j[θ(h− z)Πij] = −δizθ(h− z)ρg, (3)
where θ(h − z) is the Heaviside step function and we sum over the repeated Latin indices that
run through the values {x, y, z}. Note that both these equations are applicable in the whole space
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and contain exact boundary conditions, which should be found from the requirement that the
coefficients before the Dirac delta function δ(h−z) = θ′(h−z) are equal to zero, see Appendix A
for detail.
In the fluid bulk, below the viscous sublayer, the wave motion is potential, and since we have
neglected its scattering on the inhomogeneities of the slow current, the wave motion cannot change
the vorticity of the flow. It means that the slow vortical flow V is described by the usual Navier-
Stokes equation in the fluid bulk
∂tV + (V ∇)V +∇P/ρ− ν∇2V = 0, (4)
supplemented by the incompressibility condition divV = 0, which follows from equation (2).
Here P is contribution to the pressure, associated with the slow current V . Note that due to the
incompressibility condition∇2P = −ρ(∂iVj)(∂jVi).
The Navier-Stokes equation (4) for the slow current V should also be supplemented by the
boundary conditions. Since we have assumed that the fluid surface remains flat if only the slow
current is excited, these conditions can be posed at fixed virtual boundary z = 0 corresponding
to the unperturbed fluid surface. As was explained earlier, due to the wave motion and the fluid
viscosity, the virtual wave stress τ is applied to this boundary and so it is not free. The presence of
full divergency in equation (3) allows one to exploit the momentum conservation law in integral
form for crest-trough layer which is only partially filled with the fluid, see Fig. 1, and obtain the
explicit expression for the virtual wave stress in terms of the excited wave motion. Details of the
calculation are presented in Sec. IV.
III. WAVE-CURRENT INTERACTION IN THE FLUID BULK
Before proceeding to the calculation of the virtual wave stress, we discuss the condition when
the wave-current interaction can be neglected. The condition is equivalent to the requirement
that the scattering of wave motion by the slow flow inhomogeneities due to the hydrodynamic
nonlinearity is small as compared with the viscous wave damping. Here we consider the influence
of nonlinearity in the fluid volume. If the scattering is weak, the wave motion is potential below
the viscous sublayer and the velocity of fluid is equal to v0 = uφ + V . In general case, the
Navier-Stokes equation (3) in the fluid bulk has the form
ρ∂tvi = −∂j(Π0ij + δΠij)− δizρg, (5)
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where the momentum flux Π0ij corresponds to the velocity field v
0 and δΠij = Πij − Π0ij . First,
we consider the terms in equation (5) that have a characteristic frequency of ω. The scattering of
the wave motion on the inhomogeneities of the slow current V corresponds to the term ρuφj ∂jVi
in ∂jΠ0ij , which leads to the deviation of the wave flow u from the potential flow u
φ at depth of
the order of 1/k. This difference can be estimated as uscat ∼ h(V/L), and let us stress that the
vortical correction uscat is localized at the depth of 1/k and has nothing common with the vortical
correction uψ localized in the viscous boundary sublayer near the fluid surface.
Next, the vortical correction uscat produces contribution in the average value of the momentum
flux difference 〈δΠij〉, which can be estimated as ρ〈uφuscat〉 ∼ ρω〈h2〉(V/L). The influence of
this additional term on the flow can be neglected, if it is less than the virtual wave stress |τ | ∼
ρνωk2〈h2〉. Thus, we obtain the condition for the slow current gradient V/L  νk2, which is
assumed to be fulfilled in this paper. The condition is equivalent to the requirement that the wave
scattering length on slow current inhomogeneities is greater than the propagation length of the
wave lν ∼ ω/(νk3), which is determined by viscous damping. Indeed, one has |∇V |lν  cg,
where cg = ω/(2k) is the group velocity of the waves, that is the variation of velocity V is
negligible for a propagating wave.
IV. VIRTUALWAVE STRESS
The bulk equation (4) has to be supplemented by three boundary conditions for the velocity
field V posed at a fixed virtual boundary z = 0 corresponding to the unperturbed fluid surface.
The vertical velocity can be estimated as divergence of Stokes mass transport for progressive wave,
Vz|z=0 ∼ νk3〈h2〉, and then in the leading order the first boundary condition is Vz|z=0 ≈ 0 (see
also Sec. V for examples and Sec. VI for a more thorough analysis). To obtain other boundary
conditions, we introduce the Heaviside step function for a fixed virtual boundary θ0 ≡ θ(−z) and
for the real boundary θ ≡ θ(h − z), and consider the horizontal component of the Navier-Stokes
equation (3), which can be rewritten as
∂t(θ
0ρv0α) + ∂j(θ
0Π0αj) = −ρ∂t(δvα)− ∂j(δΠαj). (6)
Here and below Latin indices take the values {x, y, z} and Greek indices take only {x, y}, we
sum over the repeated indices, δv = θv − θ0v0, δΠij = θΠij − θ0Π0ij and the momentum flux
Π0ij corresponds to velocity field v
0 = uφ + V . The left-hand side of this equation corresponds
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FIG. 2. A change in the horizontal component of the wave motion momentum generates a surface force τα
(virtual wave stress) that excites a slow flow.
to the Navier-Stokes equation with the fixed flat virtual boundary and a purely potential flow in
surface waves. The virtual boundary partially extends beyond the fluid, therefore we do an analytic
continuation of the velocity v0 = V + uφ toward the boundary. Since the boundary z = 0 is
virtual and not real, the left-hand side of equation (6) is not zero. It is equal to −δ(z)Π0αz and this
imbalance is compensated by the right-hand side, which is non-zero only near the fluid surface,
inside the region |z| < ε, see Fig. 2. The constant ε is much less than the wavelength, kε 1, but
the plane z = −ε is always below the fluid surface and the vortical part of velocity associated with
waves uψ is always negligible at the depth z = −ε. Such a constant exists because we assumed
that kh 1 and kδ  1.
Next, we average equation (6) over the wave oscillations and approximate the right-hand side
as δ(z)Fα. The effective boundary conditions imposed on the virtual boundary should be obtained
by equating the overall coefficient before δ(z) in relation (6) to zero, i.e. 〈Π0αz〉
∣∣
z=0
= −Fα. To
simplify calculations, we choose an inertial reference frame in which the horizontal components
of the slow current are equal to zero near the surface at a given position and time, Vα|z=0 = 0. In
this reference frame, not only the gradient of the slow current is small, but also its absolute value,
and therefore its interaction with the wave motion and with itself can be neglected. Below, in
Sec. VI, we will discuss how to take into account additional terms that correspond to advection by
a constant horizontal velocity associated with a moving reference frame, and thereby restore the
Euler invariance inherent in the original equations. Note also that the considered case corresponds
to the initial stage of the slow current generation by surface waves, if it was initially absent.
To find Fα, one needs to integrate the right-hand side of time-averaged equation (6) in Z-
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direction, after which we obtain
〈ΠVαz + Πφαz〉
∣∣
z=0
= ∂β
+∞∫
−∞
dz 〈δΠαβ〉+ ∂t
+∞∫
−∞
dz〈ρ δvα〉, (7)
where Π0αz = Π
V
αz + Π
φ
αz, and Π
V
αz and Π
φ
αz are momentum fluxes corresponding to velocity
fields V and uφ respectively. Note that during subsequent calculations, we should keep only
linear contributions in viscosity, which are leading in the parameter γ  1, and should limit our
analysis to second-order in wave amplitude, following the mentioned estimates for the virtual wave
stress. All higher-order corrections should be neglected. We can also skip all linear in the wave
amplitude contributions, because the wave velocity field satisfies the linear equations and these
terms will cancel each other. Also note, that we may not think about terms at a double frequency
2ω produced due to hydrodynamic nonlinearity, since they are separated from all equations and
boundary conditions and form a closed subsystem of equations. Accordingly, we can put uφ =
∇(φ(1) + φ(2)), where φ(1) is the wave potential in the linear approximation and φ(2) is the slow
second-order correction proportional to ∆ω, see Ref. [11]. Some useful well-known expressions
for the wave motion are summarized in Appendix B.
Now we proceed to the analysis of the left-hand side of equation (7). In our reference frame
Vα|z=0 = 0, and therefore we obtain ΠVαz|z=0 = −ρν∂zVα|z=0. We have neglected ρν∂αVz|z=0
because Vz|z=0 ∼ νk3〈h2〉 and the term contains an additional smallness in parameter γ2  1.
Next, the mean value of the momentum flux associated with the potential wave motion is equal to〈
Πφαz
〉 ∣∣
z=0
= ρ 〈∂αφ(1) ∂zφ(1)〉
∣∣
z=0
− 2ρν∂αz〈φ(2)〉
∣∣
z=0
. (8)
Since the last term contains an explicit factor ν, the velocity potential 〈φ(2)〉 should be found in
the limit of an ideal fluid without the viscous correction. According to Ref. [11], we can estimate
∂αz〈φ(2)〉 ∼ ∆ωk2〈h〉2 and therefore ρν∂αz〈φ(2)〉/|τ | ∼ ∆ω/ω  1 and the term should be
neglected. Note also, that the potential φ(2) satisfies Laplace equation and boundary conditions
∇φ(2) → 0 when z → −∞ and (∂2t + gkˆ)φ(2) = −∂t(∇φ(1))2 at z = 0, where kˆ =
√−∂α∂α is
the wave number operator. The presence of the full-time derivative in the last boundary condition
leads to the fact that ∂αz〈φ(2)〉|z=0 itself is the full-time derivative of limited in time quantity. This
means that the time integral of this quantity is also limited. Thus, the last term in equation (8)
cannot lead to the excitation of a significant slow current at long times. Finally, let us verify
that the cross-contribution to the momentum flux ΠV-φαz can be neglected. The contribution is
ρVz〈u(2)α 〉|z=0 ∼ ρν∆ωk4〈h2〉2 and it is of the fourth-order in wave amplitude.
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Next, we turn out to the analysis of the right-hand side of equation (7). The last term without
∂t is the horizontal momentum surface density piα for the wave motion
piα = ρ
〈 h∫
0
dz uφα +
h∫
−∞
dz uψα
〉
= ρ〈h ∂αφ(1)〉
∣∣
z=0
. (9)
The vortical part of the velocity uψα produces ρ〈ψ(1)α |z=h〉, which should be neglected due to time
averaging, see equation (B4). Note that in our analysis, the second-order slow vortex contribution
ψ(2)α generated by waves due to hydrodynamic nonlinearity is included in the definition of the
slow flow V , so there are no additional terms in the equation. In the case of plane wave in an
ideal fluid, piα corresponds to the mass-transport through the wave total cross-section, since the
corresponding integral is accumulated at the fluid surface in the Euler description, see Ref. [3].
The time derivative takes into account the possible time decay of this quantity due to the fluid
viscosity.
The first term in the right-hand side of equation (7) without ∂β is surface density of the hori-
zontal momentum flux piαβ , and the spatial derivative takes into account the possible spatial decay
of this quantity due to the fluid viscosity, see also Ref. [8],
piαβ =
〈∫ h
0
(
p(1)u δαβ − ρν(∂αuφβ + ∂βuφα)
)
dz
〉
+
〈∫ h
−∞
(
ρ(uψαu
φ
β + u
ψ
βu
φ
α) + p
ψ
uδαβ
)
dz
〉
. (10)
Here, we neglected the second-order contributions in the wave amplitude that contain the small
factor γ3 and denoted by pψu the pressure associated with the vortex flow u
ψ, which is non-zero
only inside the viscous sublayer. As it turns out, the second term in equation (10) should also be
neglected, and the first term gives the result
piαβ = −ρ
〈
h ∂tφ
(1)|z=0 + gh2/2
〉
δαβ − 2ρν 〈h ∂αβφ(1)〉 |z=0, (11)
where we have used Bernoulli equation (B1) in the linear approximation, which is valid for the
viscous fluid as well, see Ref. [10, §349].
To justify the neglect of the second term in equation (10), we first consider the term containing
the pressure pψu . The contribution satisfies ∇2pψu = −ρ[∂iuk∂kui − (∂ikφ)2], and the right-hand
side of this equation can be estimated as ρ(ωkh)2 and it is localized in the viscous sublayer. Be-
low it, the wave motion is potential and satisfies the Euler equation, which can be integrated,
leading to the Bernoulli equation (B1) in the fluid bulk. Thus, the correction to pressure pψu is
non-zero only inside the thin viscous sublayer and it can be estimated as 〈pψu 〉 ∼ γ2ρω2〈h〉2.
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The integration across the viscous sublayer in relation (10) produces one more factor γ, which
makes the contribution negligible. Second, let us analyze the remaining contribution to the sec-
ond term of equation (10), which is equal to δpiαβ = ρ
∫ h
dz〈∂zψ(1)α ∂βφ(1) + ∂zψ(1)β ∂αφ(1)〉 =
ρ〈ψ(1)α ∂βφ(1) + ψ(1)β ∂αφ(1)〉
∣∣
z=h
. It follows from equation (B4) and the wave equation (B2) that
ψ(1)α |z=h = (2ν/g)∂tαφ(1)|z=0 in the limit of small viscosity, and hence the contribution is the full-
time derivative, δpiαβ = (2ρν/g)∂t〈∂αφ(1) ∂βφ(1)〉|z=0 ∼ ρν ∆ω k〈h2〉. This expression is small as
∆ω/ω  1 compared to the last term in equation (11), and it should be neglected as it was done
for the last term in relation (8).
Now we consider the remaining terms in the right-hand side of equation (7) that have not yet
been discussed and show that they can also be neglected. These terms are the result of a separate
averaging of either the upper integration limit h or the integrand. Because the corrections arising
from the vortical part uψ of wave flow inside the viscous sublayer have already been taken into
account and neglected, we can replace Πij with Π0ij in the right-hand side of equation (7) and then
the integrand in it becomes equal to
(θ − θ0)(ρ∂tv0α + ∂βΠ0αβ) + δ(z − h)(Π0αβ∂βh+ ρv0α∂th) =
= −(θ − θ0)∂zΠ0αz + δ(z − h)(Π0αβ∂βh+ ρv0α∂th). (12)
The equality in equation (12) is valid since nonlinear interaction between waves and slow current
can be neglected in the fluid bulk, and we remind that under the assumption 〈Π0αz〉 = ΠVαz + 〈Πφαz〉.
Since we have already taken into account the correlations between the upper limit of integration h
and integrable in the right-hand side of equation (7), the remaining terms are
− 〈h〉∂zΠVαz|z=0 − hV ∂z〈Πφαz〉|z=0 + 〈Πφαβ|z=h〉∂βhV +
+ ΠVαβ|z=hV ∂β〈h(2)〉+ ρ〈uφα|z=h〉∂thV . (13)
Here 〈h〉 ≈ hV + 〈h(2)〉, where hV is the surface elevation corresponding to the slow current in the
absence of waves and 〈h(2)〉 is produced by the slow second-order wave motion φ(2). We kept only
the part hV from 〈h〉 in several terms in the right-hand side of relation (13) to omit all contributions
proportional to h4. The first term can be estimated as (〈h〉/L)ΠVαz, and it is small as compared
to the term ΠVαz, which is already taken into account in the left-hand side of equation (7). The
third term in relation (13) is small as compared to the virtual wave stress if the condition Fr γ2
is fulfilled. Physically this means that the wave scattering on the curved surface is negligible.
Under the condition, hV can be considered constant in the second term, so the sum of this term
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with the second term in the left-hand side of equation (7) means that hV simply changes the zero
elevation point for fluid when describing the surface wave motion. Considering the fourth term,
one can estimate ΠVαβ ∼ ρνV/L, including the contribution from pressure which can be estimated
from the boundary condition P = 2ρν∂zVz. Therefore, the term can be neglected as compared to
the left-hand side of equation (7) due to ∂β〈h(2)〉  1. The last term has a similar nature to the
second one. It takes into account that the fluid surface can move upwards as a whole with the local
velocity ∂thV , and it can be eliminated if we choose the corresponding reference frame.
Finally, collecting all the contributions together, we can write equation (7) in the form
ρν∂zVα|z=0 = −∂βpiαβ + 〈Πφαz〉|z=hV − ∂tpiα ≡ τα, (14)
which is illustrated in Fig. 2. It is convenient to express the final result in terms of the wave
elevation, and by substituting relations (8,9,11) in equation (14) and using wave equation (B2) and
relation (B3), we obtain
τα = −2ρν
〈
k−1(∂β∂th)(∂α∂βh) + k(∂αh)(∂th)
〉
. (15)
As we originally expected, the expression for the virtual wave stress is proportional to the viscosity
and the square of the amplitude of the wave motion. Note that the term −∂tpiα in equation (14)
is the full-time derivative. And although its amplitude is not small as compared to |τ | in the
general case, it can be neglected for long times, since it cannot generate a significant slow current.
However, taking this term into account, we can clearly show that the virtual wave stress (15) is
proportional to the viscosity.
To summarize, the bulk equation (4) has to be supplemented by the boundary conditions
ρν∂zVα|z=0 = τα, Vz|z=0 = 0, (16)
posed at the unpertubed fluid surface z = 0, where the virtual wave stress τα is defined by equation
(15). These relations imply the fulfillment of two inequalities: V/L  νk2 and V 2/(gL)  γ2,
which mean the weakness of the slow flow. Note that the divergence of the virtual wave stress
is zero, ∂ατα = 0, and the curl of both sides of equation (16) gives the boundary condition for
Z-derivative of the vertical vorticity (the part which spreads outside the viscous sublayer) that was
previously obtained in Ref. [7, Eq. (12)].
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V. EXAMPLES
To illustrate our result let us find the slow flow generated by a propagating wave [2] and two
orthogonal standing waves [12]. Following these references, we assume that the wave motion is
stationary in time due to external pumping and the resulting slow current V is rather weak, so
the nonlinear term in the Navier-Stokes equation (4) can be neglected. In the first case, the wave
elevation is
h(t, x) = H cos(kx− ωt), (17)
where H = H0 exp(−4γ2kx) decays in space due to the fluid viscosity. By using equation (15),
we find that the surface force density exciting the slow current is equal to τx = 2ρνω(kH)2.
Therefore, we obtain that at the virtual boundary
∂zVx|z=0 = 2ω(kH)2, Vz|z=0 = 0. (18)
Next, the slow flow penetrates the fluid bulk due to viscous diffusion and ultimately reaches the
bottom of the system, which is located at z = −d. To find the stationary solution we need to
impose here the usual no-slip boundary condition
Vx|z=−d = 0, Vz|z=−d = 0. (19)
Note that d  1/k to satisfy the deep-water approximation for surface waves. Nevertheless,
the slow current reaches the bottom in the stationary regime and therefore its position plays an
important role.
To simplify the problem, we suppose that the fluid depth d is much less than the wave propa-
gation length lν = 1/(4γ2k). In this case, in the main approximation with respect to parameter
d/lν  1, one can assume that the virtual wave stress τx acting on the fluid surface is constant.
This means that the considered system is homogeneous along the direction of wave propagation
and therefore nothing depends on the x-coordinate. Following Ref. [2], we also assume that total
horizontal transport is zero, ∫ 0
−d
dz Vx(z) = 0. (20)
As one can see later, the correction to this expression associated with the Stokes drift can be
neglected since d 1/k.
Now, let us proceed to calculations. The incompressibility condition leads to ∂zVz = 0 and due
to the condition Vz(−d) = 0 this means that Vz = 0. Next, from z-component of equation (4) we
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obtain ∂zP = 0, which means that pressure P does not depend on z-coordinate. Considering x-
component of equation (4) and using boundary conditions (18) and (19) together with expression
(20), we find the stationary solution
Vx(z) =
ω(kH)2d
2
(
3z2
d2
+
4z
d
+ 1
)
. (21)
The presented derivation leads to the same result as in Ref. [2, Eq.(305)]. Note that the applicabil-
ity condition V/L νk2 is equivalent to H  δ, i.e. the wave amplitude should be much smaller
than the thickness of the viscous sublayer. In the opposite case, the expression (18) is valid only
at the initial stage. In the course of further evolution, the slow flow becomes so strong that it is
necessary to take into account its interaction with the waves.
In the second example, we consider the slow current generated by two orthogonal standing
surface waves [12]. The surface elevation is given by
h = H1 cos(ωt) cos(kx) +H2 cos(ωt+ ϑ) cos(ky), (22)
whereH1 andH2 are the amplitudes of the waves, and ϑ is the phase shift between them. As in the
previous case, one does not need to take into account viscous corrections to this expression corre-
sponding to the wave spatial decay, since they will produce parametrically smaller contribution to
the generated slow flow.
Following Ref. [12], we will describe the corresponding slow current in terms of the vertical
vorticity, ΩE = ∂xVy−∂yVx. Using relations (4) and (16) and neglecting the nonlinear term in the
Navier-Stokes equation, one finds the bulk equation
∂tΩE − ν∇2ΩE = 0, (23)
which has to be supplemented by the boundary conditions
ρν∂zΩE|z=0 = αβ∂ατβ, ΩE|z→−∞ = 0, (24)
where αβ is unit antisymmetric tensor and the Greek indices run over {x, y}. By substituting the
wave elevation (22) to equation (15), we obtain
αβ∂ατβ = −2ρνωk3H1H2 sin(kx) sin(ky) sinϑ. (25)
Therefore, equation (23) with boundary conditions (24) literally coincides with the equations (7)
and (8) in Ref. [12] (under the assumption of zero compression modulus of the surface film) and
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has exactly the same solution. In the stationary regime, one finds
ΩE = −
√
2ekz
√
2H1H2ωk
2 sin(kx) sin(ky) sinϑ. (26)
The applicability condition ΩE  νk2 leads to the same restrictionH  δ for the wave amplitude
in the stationary regime.
The advantage of our method is its relative simplicity due to the lack of the need to resolve the
fine details of the viscous sublayer, since it does not produce any contribution during calculations.
Moreover, our approach has a clear physical meaning because it is based directly on the momentum
conservation law, which makes the phenomenon of generation of slow current by surface waves
similar to, for example, the radiation pressure of light.
VI. DISCUSSION
In this section, we would like to discuss some additional issues. The first issue is related to the
boundary condition for the vertical velocity Vz of slow current under the assumption that the fluid
surface remains approximately flat if only the slow current is excited. The second issue is related
to the fact that up to this point we have solved the problem in a special reference frame in which the
slow current is small. The initial equations possess Euler invariance, and therefore, our theoretical
scheme can be generalized to an arbitrary reference frame moving with some horizontal velocity.
To obtain the boundary condition at the virtual boundary z = 0 for the vertical velocity Vz, we
consider the continuity equation (2) in the framework of the same approach that we used earlier to
obtain and analyze the equation (6). First, we rewrite the continuity equation in the form
∂t(θ
0ρ) + ∂i(θ
0ρv0i ) = −∂t
(
(θ − θ0)ρ)− ∂i(ρ δvi), (27)
and let us remind that we are still working in the reference frame where Vα|z=0 = 0 at a given
position and time. Next, we proceed according to the scheme that led to the boundary condition
(15). We average equation (27) over fast oscillations. Then we approximate the right-hand side of
this equation as δ(z)Q and equate the total coefficient before δ(z) to zero. As a result, we obtain
equation ρ〈v0z〉|z=0 = −Q, which leads to
Vz|z=0 =
(
∂t〈h(2)〉 − 〈u(2)z 〉|z=hV +
∂αpiα
ρ
)
+ ∂th
V . (28)
The round bracket is equal to zero in the case of an ideal fluid. One can check this using the
results for h(2) and u(2)z = ∂zφ(2) obtained in Ref. [11]. However, the bracket becomes non-zero
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and proportional to the viscosity for real fluid. We assume that φ(2) is the full-time derivative not
only for an ideal but also for a viscous fluid as well. In particular, φ(2) should vanish in the limit
∆ω → 0. Then the role of the first and the second terms in the round bracket is analogous to the
role of term ∂tpiα in relation (14): these terms compensate full-time derivative which is contained
in the third term. We do not need to calculate these terms explicitly since only the last term in the
round bracket contains the contribution that is not a full-time derivative, and therefore only this
contribution is of interest. We use relations (B2,B3) to calculate the contribution and obtain the
boundary condition
Vz
∣∣
z=0
− ∂thV = −2νk
〈
(∂αh)
2 + 3(kh)2
〉
. (29)
Our consideration implies the slow change in the space of the current V , while the absolute
value of hV does not have to be small. From the wave’s point of view, hV remains flat and it
determines the level of the unperturbed surface for the wave motion. In the general case, this
level can change over time and its changes ∂thV are not necessarily small. For example, one can
imagine a vessel filled with water into which fluid is constantly added, so that the average water
level rises. The estimate Vz|z=0 ∼ νk3〈h2〉 used earlier in the text implicitly assumed that there
was no such movement. Now we show that in the general case Vz|z=0 − ∂thV ∼ νk3〈h2〉. Then,
the cross-contribution to the momentum flux ρVz〈u(2)α 〉|z=0 from the left-hand side of equation (7)
can be combined with the last term in equation (13), and we obtain ρ〈u(2)α 〉(Vz − ∂thV )|z=0 that
is small and can be neglected. Thus, the aforementioned changes in the average fluid level do
not modify expression (15) for the virtual wave stress obtained previously in the reference frame
which moves upwards with the local velocity ∂thV .
Next, analyzing examples in Sec. V, we suggested that Vz|z=0 = 0 in the leading approxi-
mation. This is justified because the viscosity does not enter in the boundary condition for the
horizontal velocity, see, e.g., expression (18), and the viscous correction (29) to the leading ap-
proximation will produce the parametrically smaller slow current. Note also that the already ob-
tained result (21) does not satisfy the incompressibility condition, if one reminds that the wave
amplitude decays in space due to the fluid viscosity, H = H0 exp(−4γ2kx). In particular, the
discussed viscous correction participates in the resolution of this discrepancy, but it is small and
beyond the scope of the present paper.
To restore the Euler invariance for boundary conditions (14) and (29), we now return to the
laboratory reference frame, where Vα|z=0 is not equal to zero. However, due to assumed restriction
V/L νk2, the horizontal velocity Vα should be considered almost constant in space. The Euler
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invariance implies that the partial time derivatives should be replaced with the material derivatives
∂t → ∂t + Vβ∂β (30)
in boundary conditions (14) and (29). In particular, the replacement (30) should be implemented
in wave equations (B2) and (B3) in order to take into account the Doppler effect [19]. This entails
the corresponding replacement in equation (15).
Let us demonstrate that our theoretical scheme indeed inherits Euler invariance. If horizontal
velocity Vα is not equal to zero, then in our calculations we should replace
piα → piα + ρVα〈h(2)〉|z=0, (31)
piαβ → piαβ +
(
Vαpiβ + Vβpiα + ρVαVβ〈h(2)〉
) |z=0, (32)
〈Π0αz〉 → −ρν∂zVα|z=0 + 〈Πφαz〉|z=0 + ρVα
(
Vz + 〈u(2)z 〉
)|z=0, (33)
and here we have assumed that hV = 0 and ∂thV = 0. The first rule (31) results in a change (30) in
expression (28). Rules (31,32,33) together with relation (28) results in a change (30) in equation
(14), as it was expected.
VII. CONCLUSION
The attenuation of surface waves due to the fluid viscosity inevitably leads to the excitation of
a slow flow V . If it turns out to be weak, V/L  νk2 and V 2/(gL)  νk2/ω, for example,
at the initial stage of evolution, then one can neglect the scattering of waves by the slow flow
inhomogeneities. In this case, the influence of waves on the slow flow is reduced to the action of
a virtual wave stress applied at the fluid surface. As a result, the horizontal momentum associated
with the wave motion is transferred from the waves to the slow current.
Here, based on the momentum conservation law, we found the explicit expression (15) for the
virtual wave stress in terms of the excited wave motion in the deep-water limit. To demonstrate
the validity of our approach, we analyzed the slow currents generated by a propagating wave and
two orthogonal standing waves. These cases we extensively studied earlier, see Refs. [2, 12], and
we were able to reproduce the previously known results, see Sec. V.
The main result of this work is the generalization of the expression for the virtual wave stress
to the case of excitation of arbitrary wave motion having a narrow spectrum, ∆ω  ω. It can
be used in the numerical simulation to effectively take into account the effect of fast wave motion
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on a slow flow. Also, our results allow studying the dynamics of slow currents, if the statistics of
surface waves is known.
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Appendix A: General Equations
In this section we demonstrate how to obtain hydrodynamic equations and boundary conditions
in the usual form based on relations (2) and (3). By using δ(h − z) = θ′(h − z), one can rewrite
equation (2) in the form:
ρδ(h− z) [∂th+ vα∂αh− vz] + θ(h− z) [∂tρ+ ∂j(ρvj)] = 0, (A1)
where Latin indices take the values {x, y, z}, Greek indices take only {x, y}, and we sum over the
repeated indices. The first term corresponds to the kinematic boundary condition posed at the fluid
surface, and the second term — to the mass conservation law inside the fluid. Since we assume
ρ = const, then from the second term we find the incompressibility condition div v = 0.
Similarly, let us consider relation (3). After straightforward calculations, we obtain
δ(h− z) [ρvi∂th+ Πiα∂αh− Πiz] + θ(h− z) [ρ∂tvi + ∂jΠij + δizρg] = 0. (A2)
Here the second term corresponds to the Navier-Stokes equation inside the fluid,
∂tv + (v∇)v = −∇p/ρ+ ν∇2v + g, (A3)
where we have used expression (1). To simplify the first term, one needs to utilize the kinematic
boundary condition,
∂th = (vz − vα∂αh) |z=h, (A4)
which was obtained above, and then we find that−p∂i(z−h)+σ′ij∂j(z−h) = 0 at the fluid surface,
where σ′ij = ρν(∂ivj + ∂jvi) is the viscous stress tensor. Introducing the unit vector normal to the
fluid surface n(t, x, y) = (−∂xh,−∂yh, 1)/
√
1 + (∇h)2, we finally obtain the dynamic boundary
condition in the usual form
(−pni + σ′ijnj)|z=h = 0. (A5)
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Appendix B: Linear Waves
Here we discuss some properties of the wave motion itself, assuming that there is no slow
current, i.e. V = 0. First, we consider an irrotational waves in an ideal fluid of infinite depth. Due
to Kelvin’s theorem the velocity field is always potential, u = ∇φ, and due to incompressibility
condition the velocity potential φ satisfies the Laplace equation ∇2φ = 0. The pressure pu can be
found from Bernoulli equation [10]
∂tφ+
1
2
(∇φ)2 + pu
ρ
+ gz = 0, (B1)
and one has to supplement these equations by the condition of the absence of the wave motion
∇φ → 0 at infinite depth z → −∞, and by the boundary conditions posed at the fluid surface
z = h(x, y, t). This is the kinematic boundary condition (A4) and the dynamic boundary condition
(A5), which is simply equal to pu|z=h = 0 in an ideal fluid.
Since the potential satisfies Laplace equation (∂2z + kˆ
2)φ = 0 and decreases downward, one
finds ∂zφ = kˆφ, where we introduced the wave number operator kˆ = (−∂2x − ∂2y)1/2. In the linear
approximation, the boundary conditions have a form ∂tφ(1)|z=0 + gh = 0 and ∂th = ∂zφ(1)|z=0,
and therefore one can obtain the dispersion law ω2 = gk, where k > 0 is the wave number.
Next, we begin to describe surface waves in a fluid with low kinematic viscosity ν. Besides the
change in potential φ due to modified boundary conditions, the viscosity produces small vortical
correction which is nonzero inside the thin viscous sublayer near the fluid surface and is described
by the vector stream function ψα. Now the velocity of the wave motion is u = uφ + uψ, where
uφi = ∂iφ and u
ψ
α = ∂zψα, u
ψ
z = −∂αψα. The imaginary part of the wave frequency describes the
decay of surface waves due to the fluid viscosity, ω′′ = −2νk2, and this means that the waveform
in the linear approximation satisfies the wave equation [10]
∂2t h+ gkˆh+ 4νkˆ
2∂th = 0. (B2)
To be self-consistent, all further calculations should be implemented up to the relative accuracy of
O(γ2). Note that the same equation (B2) is valid for the velocity potential φ(1).
The vortical part of the velocity field uψ is small in viscosity, so it should be neglected for
the normal component of the dynamic boundary condition pu − 2ρνninj∂iuj = 0, see equation
(A5). Using this condition, the wave equation (B2) and the relation p(1)u = −ρgz − ρ∂tφ(1), which
is found from the linearized Bernoulli equation (B1) that is valid in the viscous fluid as well, see
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Ref. [10, §349], we conclude that the velocity potential in the linear approximation is equal to
φ(1) =
∂t + 2νkˆ
2
kˆ
exp(zkˆ)h. (B3)
Considering the solenoidal part uψ, we should take into account that the wave amplitude h can
be larger than the thickness of the viscous sublayer δ =
√
2γ/k. This situation was studied
systematically, e.g., in Ref. [2]. In this case, the viscous boundary layer cannot be described by
a simple linear theory. For our purposes it is sufficient to note that the vector stream function
decreases when moving downward from the surface as exp((z − h)/δ) and it is equal to
ψ(1)α |z=h = −2ν∂αh (B4)
at the fluid surface, see Ref. [20].
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